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Abstract 

We provide a congruence theorem for minimal surfaces in 5 5 with constant con- 
tact angle using Gauss-Codazzi-Ricci equations. More precisely, we prove that 
Gauss-Codazzi-Ricci equations for minimal surfaces in S 5 with constant contact 
angle satisfy an equation for the Laplacian of the holomorphic angle. Also, we 
will give a characterization of flat minimal surfaces in 5 5 with constant contact 
angle. 
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1 Introduction 



We will establish a condition in order to investigate minimal surfaces in S 5 with con- 
stant contact angle using Gauss-Codazzi-Ricci equations. We define a to be the angle 
given by cos a = (iex,v), where e% and v are defined in section [2j The holomorphic 
angle a is the analogue of the Kahler angle introduced by Chern and Wolfson in [3] 
and [7]. 

In [5] we introduced the notion of contact angle, that can be considered as a new 
geometric invariant useful to investigate the geometry of immersed surfaces in S 3 . Ge- 
ometrically, the contact angle (/?) is the complementary angle between the contact 
distribution and the tangent space of the surface. Also in [5], we deduced formulas for 
the Gaussian curvature and the Laplacian of an immersed minimal surface in S 3 , and 
we gave a characterization of the Clifford Torus as the only minimal surface in S 3 with 
constant contact angle. 

Recently, in [6j, we construct a family of minimal tori in S 5 with constant contact angle 
and constant holomorphic angle. These tori are parametrized by the following circle 
equation 

2 / cos j3 \ 2 sin 4 /? 

a H tt^J =2 ( i + sin 2 /r (1) 

where a and b are given in section [3] (equation (TTOT) ) . In particular, when a = in (CQ), 
we recover the examples found by Kenmotsu, in pj]. These examples are defined for 
< (3 < |. Also, when b = in (pQ), we find a new family of minimal tori in S 5 , and 
these tori are defined for ~ < (3 < |. For = |, we give an alternative proof of this 
classification of a Theorem from Blair in [2], and Yamaguchi, Kon and Miyahara in [8] 
for Legendrian minimal surfaces in S 5 with constant Gaussian curvature. 
In this paper, we will establish a congruence theorem for minimal surfaces in S 5 with 
constant contact angle (/?). Using Gauss-Codazzi-Ricci equations, we prove the follow- 
ing theorem: 

Theorem 1. Consider S a riemannian surface, a : S — >]0, |[ a function over S that 
verifies the following equation: 

A(a) = cot a csc 3 (/3)| Va| 2 + a 2 cot a cot 4 (/3) — 2a cot a esc (3 cot 2 j3a 2 

—2 cos a(cot (3 — tan (3) tan 2 (3a± + sin a cos a(5 — cot 4 (3 — 3 esc 2 (3) (2) 

then there exist one and only one minimal immersion of S into S 5 with constant contact 
angle such that a is the holomorphic angle of this immersion, where a is given in section 
HI and its determined as a function of a and (3 in section^ 

As a immediatelly consequence of this method, we have a classification of flat min- 
imal surfaces in S 5 

Corollary 1. Suppose that the contact angle ((3) is constant and suppose that S is a 
flat minimal surface in S 5 with constant principal curvature in the direction e^,ie. a is 
constant, then the holomorphic angle (a) must be constant 
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In general we have 

Remark 1. The Theorem [1\ implies a more general classification in JEj[, in the sense 
that, in we need the condition that both angles are constant. 

2 Contact Angle for Immersed Surfaces in S 2n+1 

Consider in C n+1 the following objects: 

• the Hermitian product: (z,w) = Yl]=o z ^^\ 

• the inner product: (z,w) = Re(z,w); 

• the unit sphere: S 2n+1 = {z G C n+1 \(z,z) = l}; 

• the Reeb vector field in S 2n+1 , given by: £(z) = iz; 

• the contact distribution in S 2n+l , which is orthogonal to £: 



We observe that A is invariant by the complex structure of C n+1 . 

Let now S be an immersed orientable surface in S 2n+1 . 

Definition 1. The contact angle (3 is the complementary angle between the contact 
distribution A and the tangent space TS of the surface. 

Let (ei, e<z) be a local frame of TS, where e% G TSnA, where e\ is the characteristic 
field and introduced by Bennequin in pQ. 

Then cos (3 = e-i). Finally, let v be the unit vector in the direction of the orthogonal 
projection of e<i on A, defined by the following relation 



3 Equations for Gaussian curvature and Laplacian 
of a minimal surface in S 5 

In this section, we deduce the equations for the Gaussian curvature and for the Lapla- 
cian of a minimal surface in S 5 in terms of the contact angle and the holomorphic angle. 
Consider the normal vector fields 



A z = {veT z S 2n+1 \(t,v) = 0}. 



e 2 = sin j3v + cos f3£. 



(3) 



e 3 = i esc ae\ — cot av 
e4 = cot aei + i esc av 
e$ = esc (3£ — cot (3e2 



(4) 
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where (3 7^ 0, tt and a ^ 0, 7r. We will call (e 3 -)i< j<5 an adapted frame. 
Using (jnj) and (jlj), we get 

v = sin/3e 2 — cos /5e 5 , iv = sin ae 4 — cos ae\ (5) 

£ = cos j3e 2 + sin /3e 5 

It follows from (pjj and (ED) that 

zei = cos a sin /3e 2 + sin ae 3 — cos a cos (3e 5 (6) 
ze 2 = — cos/32 — cos a sin (3e\ + sin a sin /3e4 

Consider now the dual basis (0 7 ) of (ej). The connection forms (6 3 k ) are given by 

Dej = 0j?e fe , 

and the second fundamental form with respect to this frame are given by 

IP = 6{6 l + 6 j 2 6 2 ] j = 3,...,5. 

Using (jSJ) and differentiating v and £ on the surface S, we get 

D£ = — cosa sin/56 )2 ei + cosasin/36 |1 e2 + sin a6' 1 e3 + sin a sin/56 )2 e4 

— cos a cos/30 1 e5, (7) 
= (sin pe\ - cos P0\)e x + cos /3(cZ/3 - 6> 2 )e 2 + (sin - cos /?0jj)e 3 
+ (sin /30 2 - cos/?^)e 4 + sin/?(d/3 + ^)e 5 . 

Differentiating e 3 , e 4 and e 5 , we have 



ol = 


-e\ 


ol = 


sin (3 (da + 6\) — cos (3 sin a6 


ot = 


esc (3e\ - cot a(e\ + esc /39%) 


ot = 


cot {3Q\ — csc (3 sin ae l 


ol = 


—da — csc pe\ + sin a cot 


oi = 


-e\ 


ol = 


csc /302 + cot a(e\ + csc /30£) 


ol = 


cot (3e\ — sin a0 2 


ol = 


— cos ae 2 — cot ,902 


ol = 


d(3 + cos a0 x 


ol = 


— cot (3e\ + csc /3 sin a6 l 


ot = 


- cot /36>2 + sin ae 2 



(8) 



The conditions of minimality and of symmetry are equivalent to the following equations: 
0^A0 1 + 0£a0 2 = O = 0^A0 2 -0£a0 1 . (9) 
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On the surface S, we consider 

el = a e x + be 2 

It follows from (Q that 

el = a e l + be 2 

el = be l - a e 2 

9 1 = da + {b esc (3 — sin a cot (3)e l — a esc (3e 2 

e\ = da o J — acsc fie 1 — (b csc j3 — sma cot P)e 2 (10) 

e\ = dpoj-cosae 2 
el = -dp-cosae 1 

where J is the complex structure of S is given by Je\ = e 2 and Je 2 = —e\. Moreover, 
the normal connection forms are given by: 

6*3 = — sec fld/3 o J — cot a esc (3da o J + a cot a cot 2 [3e l 
+ {b cot a cot 2 (3 — cos a cot (3 esc /3 + 2 sec /3 cos a)(9 2 
e 5 3 = (b cot (3 -esc (3 sin a) e 1 -a cot (36 2 (11) 
6*| = cot (3(da o J) - a cot /3 esc pe 1 + (-6 esc /3 cot /5 + sina(cot 2 /3 - 1))# 2 , 

while the Gauss equation is equivalent to the equation: 

Ml + 61 A 6$ = l Ae 2 . (12) 

Therefore, using equations ffTUl) and ffT2l . we have 

# = l-|V/9| 2 -2cosa/3i-cos 2 a-(l + csc 2 /3)(a 2 + 6 2 ) 
+26 sin a esc (3 cot /3 + 2 sin a cot /fai — | Va| 2 
+2a esc /?a 2 — 2b esc /3ai — sin 2 a cot 2 /3 

= 1 — (1 + csc 2 /3)(a 2 + b 2 ) — 26 esc /?(ai — sin a; cot 0) + 2a esc /3«2 (13) 
— | V (3 + cos aei| 2 — | Va — sin a cot /3ei | 2 

Using (JSJ) and the complex structure of S, we get 

91 = tan(3(d/3o J -2cosae 2 ) (14) 

Differentiating flHj) , we conclude that 

d0* = (-(1 +tan 2 /5)|V/?| 2 -tan/3A ( 5-2cosa(l + 2tan 2 /3)/5i 
+2 tan /3 sin aa^ — 4 tan 2 (3 cos 2 a)^ 1 A # 2 

where A = trV 2 is the Laplacian of S. The Gaussian curvature is therefore given by: 

K = -(l+tan 2 / 3)|V/?| 2 -tan/?A/5-2cosa(l + 2tan 2 /?) / 5 1 

+2 tan /3 sin aai — 4 tan 2 /3 cos 2 a. (15) 
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From f|T3|) and (j!5J) . we obtain the following formula for the Laplacian of S: 

tan/?A/3 = (1 + csc 2 /3)(a 2 + b 2 ) + 26csc/5(«i — sin a cot /3) — 2acsc/3a 2 
-tan 2 ,<9(|V/3 + 2cosaei| 2 - | cot /3V a + sina(l - cot 2 /9)ei| 2 ) 
+ sin 2 a(l -tan 2 /?) (16) 



4 Gauss-Codazzi-Ricci equations for a minimal sur- 
face in S 5 with constant Contact angle (3 

In this section, we will compute Gauss-Codazzi-Ricci equations for a minimal surface 
in S 5 with constant Contact angle (3. 

Assume that the fundamental second form at the direction of the normal vector field 
e3 diagonal. Then we have the following connection forms: 



ol = 


ae 1 




el = 


- a e 2 




e\ = 


da + (— sin a cot j3)e 1 


— a esc (3e 2 


et = 


da o J — a esc pe 1 — (- 


- sin a cot (3)e 2 


el = 


— cos ae 2 




el = 


— cosae 1 





Normal connection forms are: 

#3 = — cot a esc j3da o J + a cot a cot 2 

+ (— cos a; cot /3 esc (5 + 2 sec /? cos a)e 2 
Ol = (- esc /3 sin a)9 1 - a cot f39 2 (18) 
e 5 4 = cot /3(da o J) - a cot /3 esc (39 1 + (sin a(cot 2 - l))9 2 , 

Using the connection form (JTTj) and (|T8|) in the Codazzi-Ricci equations, we have 

def + e 3 2 a el + el a et + e 3 5 a el = o 

This implies that 

— a 2 + a 2 (cot a esc [3 cot 2 /?) — a cot a(csc 2 (3 + cot 2 /3)a 2 (19) 
— cos a esc /?(2(cot /3 — tan (3)a\ — sin a(cot 2 j3 — 3)) + cot a esc /3| Va| 2 = 

Replacing the following (JTTJ) and ffT8l) in the Codazzi-Ricci equations 

+ ^ A&l + flf A^ + flj? = 

det + et a el + el a el + el a el = o 
del + el a el + el a el + el a el = o 
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We get 

ai + a (cot acti + 6 tan (3 cos a) 

— 2 sec (3 cos aa 2 = (20) 
Using the connection form ffT7|) and (jTSJ) in the Codazzi-Ricci equations 

d6 4 2 +6\A0l + 0lA6l + 6lA6l = 

del + el a el + el a el + el a el = o 
dei + etAel + e*Ael + elAe 5 3 = o 



We have 

a 2 — a 2 (cot a sin (3 cot 2 /3) + a cot aa 2 (21) 
+2 cosa(cot /3 — 3 tan (3)) + 2 cos a sin /5(cot /3 — tan/?)^ 
+ sin a cos a sin /3(5 — cot 2 (3) + sin /3Aa = 

Codazzi-Ricci equations 

del + 8 2 3 a el + el a + e 2 5 a el = ^a^ 1 
de\ + e\ ^el + el a el + el a el = o 

give the following equation 

a 2 (l + esc 2 (3) — 2a esc (3a 2 

+ | Va| 2 + 2 sin a(tan (3 — cot (3)ai — 4 tan 2 (3 cos 2 a 
-sin 2 a(l-cot 2 /3) = (22) 

The following Codazzi equation is automatically verified 

del + el a #2 + 03 A0| + e| a el = o 



5 Proof of the Results 

In this section, we will prove the results using the equations of the sections 3 and 4 

5.1 Proof of Theorem 1 

Using equations (jl~9l) and (I2T!) we have: 

sin 2 /3Aa — cot a esc (3\ Va| 2 — a 2 cot a cos 2 (3 cot 2 /? + 2a cot a sin /? cot 2 (3a 2 
+2 cos a(cot /3 — tan (3) cos 2 — sin a cos a(5 sin 2 (3 — cos 2 /3 cot 2 (3 — 3) = 
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The equation above can be rewritten as the following equation 

A(ai) = cot a csc 3 (/3)| Va| 2 + a 2 cot a cot 4 (/9) — 2a cot a esc (3 cot 2 j3a 2 

—2 cos a (cot (3 — tan (3) tan 2 /3a;i + sin a cos a (5 — cot 4 /5 — 3 esc 2 (3) (23) 

Using the equation ff22l we get a as a function of a and (3 

_ 2 esc (3ot 2 + y/1 («, P) 
a ~ 2(1 + esc 2 (3) 

where f(a,j3) is given by 

f(a, (3) = 4a 2 cot 2 0-4,(1 + esc 2 (3)a\ 

—4(1 + esc 2 (3) (2 sin a(tan (3 — cot (3)ai — 4 tan 2 /3 cos 2 a — sin 2 a(l — cot 2 (3)) 
which prove Theorem 1. 

5.2 Proof of Corollary 1 

Suppose that K = at the equation f|T5|) . we determine «i as a function of a 

ai = 2tg(3 cot a cos a (24) 

Now suppose that a = k, where k is constant, at the equation ( l20l) . we determine Q!2 as 
a function of a± 

cos/3cscaai . 
a 2 = k( h 3 smp) (25) 

Using (1241 at the equation above, we have a 2 as a function of a 

a 2 = k sin/9(cot 2 a + 3) (26) 

Finally, using cti and ct2 at the equation (|T9l) . we get a as a function of /3, and therefore 
constant, which prove Corollary 1. 
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